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PLAY

• Introduction

• D - critical loci

•o Derived algebraic geometry
• Shifted symplectic structures

•o D -manifolds ( depending on time )



INTRODUCTION

Tmx
: Calabi -You 3 - fold

Yi moduli space of (stable) sheaves Q on X

of fixed determinant

Q universal E - Rq*R7tom(QQ )oE2]

× ! , family to T
→ v trace - O

µ IT perfect thy
- L

X Y obstruction

theory



Serre duality + K×=O×
,
dim X =-3

imply E Is EVIL ] 0=051 ] .

O
)

so POT is symmetric ( Behrend ) .

Fiberwise O=ExtTQ,Q)o I Ext> (QQ )J
at [Q] EY

Ext-
'

(Q ,Q)o. Is Ext '(QQ ):



Local
- ru cotangent bundle
picture
- section

u

w ' tf
smooth scheme

L - form

Then Y → U = (w - O ) E V

dwv
E - Tulu → Pulu
t fur 11
HE '

If , →d Mulu
ANI dwlu -- O e w

almost closed L- form



Clearly w=df
,
f : V→ IC

satisfies almost closedness .

Then U= (df - o ) E V d- critical locus

BUT
-

• A priori , not all symmetric POTS
look like this (locally ) . [ Pard - Thomas]

④ Not a global description , e.g .

when Y proper .



Kuranishi

Rottman d.cn/icalm) theory>
loci

t.IT
' tamarinds

schemes(stacks

\ schemes
'

C
"
- theory

dgeeoriefy csgmithmem.myPOT

virtual geometry



D - CRITICAL LOCI (Joyce , Riem - Li )
Menn

Basic idea : Glue U - Cdf - o) EV together .

-

Definition (Joyce ) Y scheme IQ .

-

F canonical sheaf Sy of E - vector spaces s
-

t
.

for UEY Zariski open
& U ↳ V closed

embedding with V smooth scheme
,
ideal Ii

d

O → Sylu → 0%2 → MI.ru
f- + I ' n df mod I - ru



Example V - IAI critical locus
-

Z

U - ( zh=o ) e ✓← of f=
'

htt

Su = { Aot an -1,2^+1-1 . . . + azn . ,z&n
- '
+ ( 22h ) ) I ①

n

tf f : V'→ E
,
U= (df - o ) EV '

, .

.
-
.
.
V
'

y
'

.

then f- = am,z
" 't

. . .

,
ant , # O ' 8

!

I '

Ft (Zen ) = an ,+, >
" t '

-1 . . - + Azn . ,z
"- '

+ ( zen)
t
-
-

-

'

m
remember

Ho (Su ) €7
an ,→ , . . . , Azn - i .



227
-22,

= (htt )nan+ ,
Z
" - L
t - - - = (htt ) naw ,

2h - I

(mod zh )

⇒ symmetric POT Tv.lu → ru , Iu

remembers %z '→ (n -12 ) nantz dz

just anti .



Definition ( Joyce ) Y scheme 11C
-

clue : s E- Hocsy )

(Y, s ) is a d- critical locus (Zariski/etale/
-

complex analytic )
if locally we have

• u Ey
,

U - Cdf - o ) EV } d-critical* Slu = ft I
'
E % ,

chart

( U,v, f )



Comparing Y EY ,
SE Ho (Sy ) .

d-criticalcharts-YEUL-cdfs-OJEV-J.cl - critical
y E U2

= (d-72=0 ) E V, charts

( Up to Ui → Vi
f ,

fz= hlvz
shrinking ) polit \ fq=hlv

,

locally W→ Q

closed h

Stoyan : Compare two charts by embedding
into a common bigger chart .



Intuition If U - Cdf - o ) EV
-

& U - Cdg -- o ) evil
then ( analytically(e' tale locally )

n

V = Cl
Morse

ntm
→ w = E

lemma

g (2L , -- - ,2n+m ) = f- (22 , -- - , Zn ) t 2nF , t - - -
1- Zn¥m

( related to stabilization
,
Thom - Sebastiani etc

. )



D - critical loci are very flexible :

- D - critical Artin stocks
,

replace Zariski-le
'

tale by smooth
.

- Equivariant d- critical loci
,

when reductive group G- AY



Canonical bundle
-

y
red
e y& orientation of (Y, s )
-

For a d- critical chart ( U,V , f )
227

have line bundle K¥2 lured = Atop [ Tulu→ Sulu]
T

theorem ( Joyce ) These glue to

canonical line bundle Ky
, s
on Y

" ?

Definition An orientation on (Y, s) is a choice
-

of square root kiss .



Orientations are crucial in K- theory and other

categorih - cations
,
e. g .

motivic classes
, perverse sheaves

.. . .

Example Y = ( 22=27,2--0 ) ftp.y.z
-

yred = (2=0 ) E Px?y

Y - (o:L :o) = Crit ( yz2.iq?-lC)-ss=yz2t(z?2yz )
'

Y - ( t .

- o :o) E- { ( x :y .

- o ) : y # o } E E → 5=0
I
Y

computation shows that Ky
, s
= Ope C- 5)

thus Y
,
s is NOT orientable !



DERIVED ALGEBRAIC GEOMETRY ( aptly )
#

( Lurie . - )( some )

Motivation In deformation theory ,

for X a scheme
,¢

& x : Spec ① → X ,

p
Ext:c ( thx ,× , E) = Hom

* ( spec EEE] , X )
deformations

of XEX
Ext ! ( k×,× ,

e ) Hom
*
(Az

,
X )

T T
NO no scheme Az

works !



To resolve this
, replace

(commutative E - algebras )
by

cdgato = (
commutative differential

µ
a negatively graded E - algebras )

objects are A. = . - -

I
> A-

' IA? Koszul

satisfying 82=0
,

AP - AE E AP -19 (
sign rule

aping = f- e)
'Pl - 191dg - a;

Leibniz p

rule → ftp.dq/=8dp-ag-f-i)l/dp8ag



classical
Example Koszul complex scheme
-

spit vector bundle of rank r f U=(s=o) EV
on smooth scheme

degree - L

o → NE -7 A-
' E'→

. . .
→
Et Or E- cdga.IO

Definition ( affine derived schemesle )
#

11

(cotgasogop

Thus an affine derived scheme is Spec A.
,

for A . Ecdga
°

.



Surjection Ao → H°( A
' ) = AYIA ')

sianjloryred
,yinduces Spec H°(A- ° ) → Spec A X

T T
classical

closed

truncation embedding

Eo (X ) of X

Intuition Derived scheme X - spec A
- I

classical scheme eocx)

+ negative degree thickenings H'
'

(Ao)
,

iso
.



We can define a cotangent complex as follows :

Replace A-
°

by a quasi - free resolution ,
i.e

.

P°→ A-
°

quasi - isomorphism s -
t

.

graded algebra Po is freely generated .

Then kspe.at#poumIdifekjfehnf7aes
differential 8



Example Koszul complex . .
n'E 'E I

,

' -50g
-

A. = ( NEV ,7s ) quasi - free , generated y , no se

X - spec A-
° by E

"
in degree - L .

"
- Spec Ao

= RA!

If E
'
= Ory , Ot . . . Ory .← deg - I in a EV

Xz , . . .

, Xu
e' tale coordinates for V
-L O

then Rah . =L dyj , dxi §. with differential 8
,

e. g .

S ( dy, )=±d(Sys ) - Ids, - I !E,3 dxi



E
observe that

f. Js
X
't
- e. (x ) = (s -- o ) E V

'txt rail
# ya . ,

- [Tuke nuke ]

1 Is it

> - L

Hae = [ He d- rrlxce ]

is a perfect obstruction theory for X 'd !

Example of quasi- smooth derived scheme X
.



As in the classical case
, we can define

open lclosedlflat / smooth / e' tale morphisms

between cdga ' s .

E.ge A'→ B
'

e' tale

⇒ HOLA ' ) → HOCB . ) e' tale ( usual definition )

& H'
'

(Ao )
yoga. ,H4B°) -5 Hi (Bo )



QUESTION How to glue Spec together ?
#

ANSWER
"

Up to quasi - isomorphism & a lot
-

of homo topical data "

Need model & co - categorical language
,

VERY TECHNICAL
.



(
commutative schemes

algebras , @ )- sets

stacks /
V\

Groupoids\
,

hi¥
, I

so Simplicial
cdgae -

derived
Sets

stocks

[ satisfy ( homotopical )
descent



f Ci 2=0

BACK TO
-

Let Clete;] = Cl # Citi ]

MOTIVATION edge in degrees O & - i
.

-

Ii = Spec ① [ Ei ]
i - th order infinitesimal disk

Then for X a derived scheme

Ext ( thx
,× , e) =RHom*(Ai , X )

for x : spec e → X . [ You can check this

explicitly for X=SpecA°]



SHIFTED SYMPLECTIC STRUCTURES
-

For simplicity , work in the affine case X - Spec A
'

.

Global case i use smooth descent
.

De Rham
- DRCA ) -=pQ⇒APr!aEp]=¥F¥§NPr£)ktp ]algebra
-

T T

weight p degree K - p

d degree - I
, weight L

two differential!
\ S degree 1

, weight O



Definition p - form of degree K
-

w°E@Prat )k , 8wo=o E@Prat )k+1
Two forms are equivalent if

we 50=820
,
a
°
E @Pant )

" '

when p=2 , a
2 - form of degree K gives a

skew-symmetric map

Wo : THA → RIEK ]

If this is a quasi- isomorphism ,
then w° non - degenerate .



Definition A closed p - form of degree k is
-

W- ( Wo, w ' , we, . . . ) ,

wi e#Ptiszfayk
- i

k -11
s -

t
. sw°=O E- CAPRI )

dwi # Suit ! o e ( aptitis.at )
" "

F similar notion of equivalence .

Closed 2 - form of degree k is K - shifted symplectic

if w° is non - degenerate .



Remarks
-

• Being closed is not just a condition ,

it is extra data for a form
.

Closed 2 - form = co cycle of negative
cyclic homology of

graded mixed complex DRCA )



Example Derived d- critical loci
-

Take ¥? ①

& A- = Koszul complex of

E - Rv
,
S=df

X - spec A -= Rcn't (f)

↳ = rat =L dyi , dxi > where y ; t> dxi
T T

deg - 1 deg o as frame of Rv .

n

with 8( dy ; ) - I day ; ) - ±d(3¥. ) - I E ¥÷×jdxjj - I



Define woe ? dyiadxiefnra )
- I 2 - form

deg - - I

Wt=W2= . . .

= 0

Then w -

- (Wo, w' , we, . . . ) is C- 2) - shifted symplectic !

Why ? o Sw :-O ← 31,77¥.

symmetric , but
dxiadxj skew-symmetric

• dwot Swt = O

dw ' + owe , o
← obvious

i

• Wo : Tla→ da
'

EL ]
,

¥.

'→ dyi clearly

¥.

.

'→ dx ;
non - degenerate



MAJOR projective

theorem (PTVV ) X Calabi-Yau of dimension d
.

( derived)
Then the stock M of perfect complexes on X

admits a (2 - d ) - shifted symplectic structure
.

d-I X K 3
,
M O - shifted symplectic → hyperkoihler

moduli

d=3 X 3
,

M C- L ) - shifted symplectic → DT3 theory
-

d=4 X Cx 4
,

M C- 2) - shifted symplectic → DT4 theory
-



MAJOR

Theorem ( Joyce e't al ) Every K - shifted symplectic
-

derived scheme ( Artin stock) has a canonical

Zariski ( smooth ) local model , called Darboux form
.

(mirroring the usual Darboux theorem in symplectic geom . )
⑧

k= Darboux model = derived d-critical locus Mcniff)
-

Corollary Moduli spaces of sheaves on CY3 - folds-
-

are d -critical loci
,
as defined earlier !



Example Hilbert scheme of points on A-
3

-

CAS )
"! { VE En , A. B. C E Matn ×n( E ) :

[A,B ] - IB, = EC, A- 3=0

① EA, B, C] - v = an }

=
critical locus of

f : Ex Matn ?n → ④

( v , A. B, C) '→ tr ATB,c ] .



|k=⇒ A C- 2) - shifted symplectic derived scheme X

is locally determined by :

E vector bundle q : E
E → Qu

Sf ! smooth

+ non- degenerate quadratic
form

S.t. s isotropic ,
i. e

. gcs, s ) - O -

Locally X'E- eocx ) is U= ( s - o ) EV .



Renoir All the usual notions of symplectic

geometry , e.g . Lagrangian ,
Hamiltonians

, carry over

to this setting .



Coo - ALGEBRAIC GEOMETRY & D - MANIFOLDS
-

( Joyce )
Definition A CO- ring is a set e with operations

off , e
"
→ e for all n > 0

,
f : IR" → IR smooth satisfying :

• For fi -- lRh→lR ,
i - ti - - - ' m and he g(Fs , - - - .fm )

g : IRM- IR

we have 0h (Cs , . . . .cn/=0/g(/0y,(ci,---.cn1,...-,Ofm(ci,---,cn ))
• Tj : IR

"
→ IR

, ¥. (C , , - - -

.cn/=Cj(Xi,.--,Xn/lTXj



A co- ring is an IR - algebra :

C
, -1C @ = Off ( c , .cz ) ,

f- (x,y1=xty

C
,

- Cz = Olg ( C, , Ce ) , g (x. y ) - Xy

X. c = 01
, (c) ,

b' (x ) -- Xx

Examples X smooth manifold
.

#

Then C°(x ) -- { continuous X→ IR } are Coo- rings .

[
•

(x ) = { smooth X → IR }



Points of Spec E are IR- algebra morphisms x : E → IR
.

(Joyce )
Definition cat- scheme is a ringed space
-

locally modelled on Specie .

(usually ) take C finitely generated ,

i. e
.

e -
C (Rhys .

Have usual properties ( proper etc . )

& theory of sheaves , replicating algebraic counterparts .



Definition (Joyce )
-

d- space ( X , Oxi , Ex , is , jx ) -= I

• (X, ) C - scheme

o. (X, ×. ) Coo - scheme

• Ex quasi - coherent sheaf on (X ,O× )

• Ex Ox . Q, → o exact

with Ix -

- ke - ix Square - zero .



Have
X ↳ X'

Ux
$× : E× → Ix

d- Rx 'l×= Fx
, Fx → Rx

and (virtual ) cotangent sheaf

10x
[Ex → Fx ]

(1) Morphisms : I → I are as expected .

2- Morphisms : Y -

if ⇒ g are 7 : Fy ↳ → E×

playing the role of homotopy .



Definition Let V manifold of dim ntr

#

(Joyce ) E-→v co- vector bundle of rank n

SE (E ) Cw- section

Then Sr,E,s is called a principal d-manifold

where the data is

CHEY → omfg, . → Cocks , → 0

(s) . (E)

The underlying topological space is (s - o ) EV .

d-manifold = d- space locally equivalent to Sv,E,s .



Cotangent
sheaf [ CME#s , - cancer, 1-

*

Yes, -Ttv]
of Sv

, E , s

same form as POT !

All usual notions of differential geometry
translate to this setting , e -g . immersions, submersion s ,

partitions of unity . . .

In particular .-



Theorem ( Joyce ) X compact d- manifold
.

-

F closed embedding X → IRN
. ( WhitneyThen • embedding theorem )

o. X - SE,u, s
for some E

,
V
,
s

.

⑧

Finally ,
an orientation of X is

a trivialization of the (virtual )

canonical bundle
.

compact , oriented d- manifolds have virtual fundamental
classes

.



theorem (Joyce) F functor

( Sw?!fmespff ) → (oriented d- manifolds)



Application to DT4 invariants (Joyce - Borisov )
#

M - moduli scheme parametricing
stable sheaves on CY 4 - fold

Then M is the classical truncation of

a C- El -shifted symplectic derived scheme
.

Thus locally M looks like
-

Ffs
,

E E -9 Ou

U - (s - O ) E V q (s, 51=0 .



Idea Split E- = Eta E-
,
s - Cst, s - )

-

T T
maximal positive
& negative definite IR - sub - bundles

Then Sv
,
E; s -

glue together to give

a d -manifold Mdm
.

Orientation of M → orientation of Mdm
.

Thus get oriented d -manifold Mdm
.



If M proper ,
Mdm is compact .

Definition The 1514 invariant of M is defined
-

as [ Mdm ]
""
E H

# (m )

and is well- defined & deformation - invariant
.


